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Green-Kubo Method
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κ(T, p) ∝
1

T2V
lim
t→∞ ∫

t

0
dτ ⟨J(τ) ⊗ J(0)⟩T,p

Heat Flux 
Autocorrelation

Function

Temperature

Ensemble 
Average

Development: 
M. Green, J. Chem. Phys. 20, 8 (1957) 
R. Kubo, M. Yokota, S. Nakajima, J. Phys. Soc. Jpn. 12, 11 (1957)  
L. Onsager, Phys. Rev. 37, 4 405 (1931)

Ab initio Green-Kubo: 
C. Carbogno, R. Ramprasad, and M. Scheffler,  
  Phys. Rev. Lett, 118, 175901 (2017) 
A. Marcolongo, P. Umari, and S. Baroni, Nat. Phys. 12, 80 (2015)

 

Thermal conductivity

Pressure

(<latexit sha1_base64="DmvL8y+Ap9P7fS4LuKZJVZU/glY=">AAAB8XicbVBNS8NAEJ2tX7V+VT16WSyCp5KIosdSLx4r2A9sQtlsN+nSzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBVcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0UmmKGvTRCSqFxDNBJesbbgRrJcqRuJAsG4wvp353SemNE/kg5mkzI9JJHnIKTFWevSaPIoU9nI8qNacujMHXiVuQWpQoDWofnnDhGYxk4YKonXfdVLj50QZTgWbVrxMs5TQMYlY31JJYqb9fH7xFJ9ZZYjDRNmSBs/V3xM5ibWexIHtjIkZ6WVvJv7n9TMT3vg5l2lmmKSLRWEmsEnw7H085IpRIyaWEKq4vRXTEVGEGhtSxYbgLr+8SjoXdfeyfnV/WWs0izjKcAKncA4uXEMD7qAFbaAg4Rle4Q1p9ILe0ceitYSKmWP4A/T5A6oCkEQ=</latexit>
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• For each temperature/pressure:


• Determine unit cell


• Thermalise


• Run ensemble of NVE MD, compute heat flux at every (n-th) step


• Post-processing: compute heat flux autocorrelation and integrate (+ noise reduction)


• Difficulty: High computational cost of ab initio calculations


• Limited to small unit cells


• Limited to short simulation times


• Limited to few temperatures
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Machine Learning Potentials!

Green-Kubo with Machine Learning Potentials: 
P. Korotaev, I. Novoselov, A. Yanilkin, and A. Shapeev, Phys. Rev. B 100, 144308 (2019) 
C. Mangold et al., J. Appl. Phys. 127, 244901 (2020) 
R. Li, E. Lee, and T. Luo, Mater. Today Phys. 12, 100181 (2020) 
at APS: C. Verdi et al. B22.00003, A. Johansson et al. S20.00004 

Green-Kubo Method: Practice
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GNNs: P. W. Battaglia et al., arXiv 1806.01261 (2018)

GNNs for materials: T. Xie and J.C. Grossman, Phys. Rev. Lett. 120,145301(2018); C. Chen et al., Chem. Mater. 31, 9 (2019); C.W. Park 
and C. Wolverton, Phys. Rev. Mater. 4, 063801 (2020) 
MPNNs: J. Gilmer, S.S. Schoenholz, P.F. Riley, O. Vinyals, and G.E. Dahl, in Proc. of Mach. Learn. Res., Vol. 70 (2017)  

Message-Passing (Graph) Neural Networks

Introduce cuto↵ radius rc

Determine neighbours

Construct graph
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SchNet: 
K. T. Schütt et al., in Advances in Neural Information 
Processing Systems 30, Los Angeles, California (2017)

K. T. Schütt et al., J. Chem. Phys. 148, 241722 (2018)


Message-Passing (Graph) Neural Networks

Equivariant MPNNs: 
J. Klicpera, J. Groß, and S. Günnemann, in Proceedings of the 
Eighth International Conference on Learning Representations (ICLR 
2020), Addis Ababa, Ethiopia, April 26–May 1 (2020) 
S. Batzner et al., arXiv 2101.03164 (2021) 
K. T. Schütt, O.T. Unke, and M. Gastegger, arXiv 2102.03150 (2021)Other MPNNs: 

O. T. Unke and M. Meuwly, J. Chem. Theor. Comput. 15, 3678 (2019) 
N. Lubbers, J.S. Smith, and K. Barros, J. Chem. Phys. 148, 241715 (2018)

Initialisation Message-passing step 1 Message-passing step 2 Readout, pooling
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• Derivatives without symbolic differentiation or finite differences


• Essentially: systematically apply the chain rule

Automatic Differentiation (“autodiff”)
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f(x, y) = (2x+ y2)2

<latexit sha1_base64="1yZTMoaE1XrzP+pEH5hXa8IIPp0=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARWpSShIpuhKIblxXsA9q0TKaTduhkEmYm0lC78FfcuFDErb/hzr9x2mah1QMXDufcy733eBGjUlnWl5FZWl5ZXcuu5zY2t7Z3zN29ugxjgUkNhywUTQ9JwignNUUVI81IEBR4jDS84fXUb9wTIWnI71QSETdAfU59ipHSUtc88AujU5gU4SUsOCN4ApOOU+w4XTNvlawZ4F9ipyQPUlS75me7F+I4IFxhhqRs2Vak3DESimJGJrl2LEmE8BD1SUtTjgIi3fHs/gk81koP+qHQxRWcqT8nxiiQMgk83RkgNZCL3lT8z2vFyr9wx5RHsSIczxf5MYMqhNMwYI8KghVLNEFYUH0rxAMkEFY6spwOwV58+S+pOyW7XDq7LecrV2kcWXAIjkAB2OAcVMANqIIawOABPIEX8Go8Gs/Gm/E+b80Y6cw++AXj4xssJZL/</latexit>

@f

@x
= 2(2x+ y2)2

@f

@y
= 2(2x+ y2)2y

<latexit sha1_base64="tEAzF1DOqrFZ4XBMoIivfqxBqNs=">AAACSXicfVBLS8NAGNy0Pmp9RT16WSxKRShJqOhFKHrxWME+oIl1s93UpZsHuxtpCP17Xrx58z948aCIJ7dtQG3FgYVh5hu+b8eNGBXSMJ61XH5hcWm5sFJcXVvf2NS3tpsijDkmDRyykLddJAijAWlIKhlpR5wg32Wk5Q4uxn7rnnBBw+BaJhFxfNQPqEcxkkrq6re2xxFO7QhxSRGD3uibD0fw4AxaZWsIj2ByYx1a0LaL/wSS+UDS1UtGxZgAzhMzIyWQod7Vn+xeiGOfBBIzJETHNCLppOMVmJFR0Y4FiRAeoD7pKBognwgnnTQxgvtK6UEv5OoFEk7Un4kU+UIkvqsmfSTvxKw3Fv/yOrH0Tp2UBlEsSYCni7yYQRnCca2wRznBkiWKIMypuhXiO6Sakqr8oirBnP3yPGlaFbNaOb6qlmrnWR0FsAv2QBmY4ATUwCWogwbA4AG8gDfwrj1qr9qH9jkdzWlZZgf8Qi7/BZ7Crww=</latexit>

Example
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Automatic Differentiation
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f(x, y) = (2x+ y2)2

<latexit sha1_base64="1yZTMoaE1XrzP+pEH5hXa8IIPp0=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARWpSShIpuhKIblxXsA9q0TKaTduhkEmYm0lC78FfcuFDErb/hzr9x2mah1QMXDufcy733eBGjUlnWl5FZWl5ZXcuu5zY2t7Z3zN29ugxjgUkNhywUTQ9JwignNUUVI81IEBR4jDS84fXUb9wTIWnI71QSETdAfU59ipHSUtc88AujU5gU4SUsOCN4ApOOU+w4XTNvlawZ4F9ipyQPUlS75me7F+I4IFxhhqRs2Vak3DESimJGJrl2LEmE8BD1SUtTjgIi3fHs/gk81koP+qHQxRWcqT8nxiiQMgk83RkgNZCL3lT8z2vFyr9wx5RHsSIczxf5MYMqhNMwYI8KghVLNEFYUH0rxAMkEFY6spwOwV58+S+pOyW7XDq7LecrV2kcWXAIjkAB2OAcVMANqIIawOABPIEX8Go8Gs/Gm/E+b80Y6cw++AXj4xssJZL/</latexit>
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Automatic Differentiation: Computation Graph
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f(x, y) = (2x+ y2)2

<latexit sha1_base64="1yZTMoaE1XrzP+pEH5hXa8IIPp0=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARWpSShIpuhKIblxXsA9q0TKaTduhkEmYm0lC78FfcuFDErb/hzr9x2mah1QMXDufcy733eBGjUlnWl5FZWl5ZXcuu5zY2t7Z3zN29ugxjgUkNhywUTQ9JwignNUUVI81IEBR4jDS84fXUb9wTIWnI71QSETdAfU59ipHSUtc88AujU5gU4SUsOCN4ApOOU+w4XTNvlawZ4F9ipyQPUlS75me7F+I4IFxhhqRs2Vak3DESimJGJrl2LEmE8BD1SUtTjgIi3fHs/gk81koP+qHQxRWcqT8nxiiQMgk83RkgNZCL3lT8z2vFyr9wx5RHsSIczxf5MYMqhNMwYI8KghVLNEFYUH0rxAMkEFY6spwOwV58+S+pOyW7XDq7LecrV2kcWXAIjkAB2OAcVMANqIIawOABPIEX8Go8Gs/Gm/E+b80Y6cw++AXj4xssJZL/</latexit>
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Automatic Differentiation: Backpropagation/reverse mode
@f

@x
= 2(2x+ y2)2

@f

@y
= 2(2x+ y2)2y

<latexit sha1_base64="tEAzF1DOqrFZ4XBMoIivfqxBqNs=">AAACSXicfVBLS8NAGNy0Pmp9RT16WSxKRShJqOhFKHrxWME+oIl1s93UpZsHuxtpCP17Xrx58z948aCIJ7dtQG3FgYVh5hu+b8eNGBXSMJ61XH5hcWm5sFJcXVvf2NS3tpsijDkmDRyykLddJAijAWlIKhlpR5wg32Wk5Q4uxn7rnnBBw+BaJhFxfNQPqEcxkkrq6re2xxFO7QhxSRGD3uibD0fw4AxaZWsIj2ByYx1a0LaL/wSS+UDS1UtGxZgAzhMzIyWQod7Vn+xeiGOfBBIzJETHNCLppOMVmJFR0Y4FiRAeoD7pKBognwgnnTQxgvtK6UEv5OoFEk7Un4kU+UIkvqsmfSTvxKw3Fv/yOrH0Tp2UBlEsSYCni7yYQRnCca2wRznBkiWKIMypuhXiO6Sakqr8oirBnP3yPGlaFbNaOb6qlmrnWR0FsAv2QBmY4ATUwCWogwbA4AG8gDfwrj1qr9qH9jkdzWlZZgf8Qi7/BZ7Crww=</latexit>
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Automatic Differentiation: forward mode
@f

@x
= 2(2x+ y2)2

@f

@y
= 2(2x+ y2)2y

<latexit sha1_base64="tEAzF1DOqrFZ4XBMoIivfqxBqNs=">AAACSXicfVBLS8NAGNy0Pmp9RT16WSxKRShJqOhFKHrxWME+oIl1s93UpZsHuxtpCP17Xrx58z948aCIJ7dtQG3FgYVh5hu+b8eNGBXSMJ61XH5hcWm5sFJcXVvf2NS3tpsijDkmDRyykLddJAijAWlIKhlpR5wg32Wk5Q4uxn7rnnBBw+BaJhFxfNQPqEcxkkrq6re2xxFO7QhxSRGD3uibD0fw4AxaZWsIj2ByYx1a0LaL/wSS+UDS1UtGxZgAzhMzIyWQod7Vn+xeiGOfBBIzJETHNCLppOMVmJFR0Y4FiRAeoD7pKBognwgnnTQxgvtK6UEv5OoFEk7Un4kU+UIkvqsmfSTvxKw3Fv/yOrH0Tp2UBlEsSYCni7yYQRnCca2wRznBkiWKIMypuhXiO6Sakqr8oirBnP3yPGlaFbNaOb6qlmrnWR0FsAv2QBmY4ATUwCWogwbA4AG8gDfwrj1qr9qH9jkdzWlZZgf8Qi7/BZ7Crww=</latexit>
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• Backward mode: derivative of one output wrt all inputs in one traversal


• Forward mode: derivatives of all outputs wrt one input in one traversal


➡ Efficient for different computations


➡Cheap one column/one row Jacobians 

• Obtain derivatives of any node in the graph with respect to earlier steps

Automatic Differentiation (“autodiff”)

12

Takeaways
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Challenge 1: Heat Flux Formulation
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κ(T, p) ∝
1

T2V
lim
t→∞ ∫

t

0
dτ ⟨J(τ) ⊗ J(0)⟩T,p
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Heat Flux
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Marcolongo, Umari, Baroni, Nat. Phys. 12 80 (2015)

~J(t) =
d

dt

Z
d3~r ~re(~r, t)

<latexit sha1_base64="e9tDYtFubgjhMnkHzHPxXIsl/w4="></latexit>

E(t) = ∫ d3 ⃗r e(r, t)
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Heat Flux: Hardy Formula
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Marcolongo, Umari, Baroni, Nat. Phys. 12 80 (2015)

~J(t) =
d

dt

Z
d3~r ~re(~r, t)

<latexit sha1_base64="e9tDYtFubgjhMnkHzHPxXIsl/w4="></latexit>

e(~r) =
X

i

�(~r � ~ri) (Ui + Ti)

<latexit sha1_base64="JR70GlKcxJhC2039xJX+BCpOKuM="></latexit>

) ~J =
X

i

~ri
⇣
Ṫi + U̇i

⌘
+

X

i

~̇r (Ti + Ui)

<latexit sha1_base64="DeMDlEHg/tP5VO4TpXQKhMPv0fg="></latexit>

) ~J =
X

ji

~rij

✓
@Ui

@~rj
· ~vj

◆

<latexit sha1_base64="toMsRRh4t3ntLqHUq/mC4fQc6Ak="></latexit>

Ui = Ui({ri}i=1,...,n, {b1, b2, b3})

<latexit sha1_base64="mzlEfhEjmvmjIpjdHQ6Rp1R7bm0=">AAACHXicbVBNS8MwGE79nPNr6tFLcAgTSmnnRC+DoRePE9wHrKOkWbqFpWlJUmGU/hEv/hUvHhTx4EX8N2ZbD7r5QF6ePM/7kryPHzMqlW1/Gyura+sbm4Wt4vbO7t5+6eCwLaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/fDP1Ow9ESBrxezWJST9EQ04DipHSkleqtTwK61DXiptCoS9u5qW07piWZZk8M6Gb+p5jQt+rTsu59s+8Utm27BngMnFyUgY5ml7p0x1EOAkJV5ghKXuOHat+ioSimJGs6CaSxAiP0ZD0NOUoJLKfzrbL4KlWBjCIhD5cwZn6eyJFoZST0NedIVIjuehNxf+8XqKCq35KeZwowvH8oSBhUEVwGhUcUEGwYhNNEBZU/xXiERIIKx1oUYfgLK68TNpVy6lZF3e1cuM6j6MAjsEJqAAHXIIGuAVN0AIYPIJn8ArejCfjxXg3PuatK0Y+cwT+wPj6Ab3vnfg=</latexit>

(<latexit sha1_base64="DmvL8y+Ap9P7fS4LuKZJVZU/glY=">AAAB8XicbVBNS8NAEJ2tX7V+VT16WSyCp5KIosdSLx4r2A9sQtlsN+nSzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBVcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0UmmKGvTRCSqFxDNBJesbbgRrJcqRuJAsG4wvp353SemNE/kg5mkzI9JJHnIKTFWevSaPIoU9nI8qNacujMHXiVuQWpQoDWofnnDhGYxk4YKonXfdVLj50QZTgWbVrxMs5TQMYlY31JJYqb9fH7xFJ9ZZYjDRNmSBs/V3xM5ibWexIHtjIkZ6WVvJv7n9TMT3vg5l2lmmKSLRWEmsEnw7H085IpRIyaWEKq4vRXTEVGEGhtSxYbgLr+8SjoXdfeyfnV/WWs0izjKcAKncA4uXEMD7qAFbaAg4Rle4Q1p9ILe0ceitYSKmWP4A/T5A6oCkEQ=</latexit>

Fan et al., Phys. Rev. B 92 094301 (2015)
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Heat Flux: Virial Formula
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~J(t) =
d

dt

Z
d3~r ~re(~r, t)

<latexit sha1_base64="e9tDYtFubgjhMnkHzHPxXIsl/w4="></latexit>

e(~r) =
X

i

�(~r � ~ri) (Ui + Ti)

<latexit sha1_base64="JR70GlKcxJhC2039xJX+BCpOKuM="></latexit>

) ~J =
X

i

~ri
⇣
Ṫi + U̇i

⌘
+

X

i

~̇r (Ti + Ui)

<latexit sha1_base64="DeMDlEHg/tP5VO4TpXQKhMPv0fg="></latexit>

(<latexit sha1_base64="DmvL8y+Ap9P7fS4LuKZJVZU/glY=">AAAB8XicbVBNS8NAEJ2tX7V+VT16WSyCp5KIosdSLx4r2A9sQtlsN+nSzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBVcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0UmmKGvTRCSqFxDNBJesbbgRrJcqRuJAsG4wvp353SemNE/kg5mkzI9JJHnIKTFWevSaPIoU9nI8qNacujMHXiVuQWpQoDWofnnDhGYxk4YKonXfdVLj50QZTgWbVrxMs5TQMYlY31JJYqb9fH7xFJ9ZZYjDRNmSBs/V3xM5ibWexIHtjIkZ6WVvJv7n9TMT3vg5l2lmmKSLRWEmsEnw7H085IpRIyaWEKq4vRXTEVGEGhtSxYbgLr+8SjoXdfeyfnV/WWs0izjKcAKncA4uXEMD7qAFbaAg4Rle4Q1p9ILe0ceitYSKmWP4A/T5A6oCkEQ=</latexit>

C. Carbogno, R. Ramprasad, and M. Scheffler,  
  Phys. Rev. Lett, 118, 175901 (2017)

Ui = Ui({~rij |j 6= i})

<latexit sha1_base64="MFtT5FgPDk9PW/l0nlyJAyl7+4c=">AAACEXicbVA9SwNBEN3zM8avU0ubwSDEJtxJRBtBtLGMYBIhF469zUQ32ds7d/eEcOYv2PhXbCwUsbWz89+4iSn8ejDD470ZdudFqeDaeN6HMzU9Mzs3X1goLi4tr6y6a+sNnWSKYZ0lIlEXEdUouMS64UbgRaqQxpHAZtQ/GfnNG1SaJ/LcDFJsx/RS8i5n1FgpdMv1kMMhjHo5yCG4QQYqzHlvCLfQg0DiNXAIhjuhW/Iq3hjwl/gTUiIT1EL3PegkLItRGiao1i3fS007p8pwJnBYDDKNKWV9eoktSyWNUbfz8UVD2LZKB7qJsiUNjNXvGzmNtR7EkZ2MqbnSv72R+J/Xykz3oJ1zmWYGJft6qJsJMAmM4oEOV8iMGFhCmeL2r8CuqKLM2BCLNgT/98l/SWO34lcre2fV0tHxJI4C2SRbpEx8sk+OyCmpkTph5I48kCfy7Nw7j86L8/o1OuVMdjbIDzhvn8krmyA=</latexit>
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ij
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<latexit sha1_base64="VgI1+vhC4s8YAqvaSOelRjNEB5I="></latexit>
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Heat Flux: Autodiff
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) ~J =
X

ij

~rji

✓
@U

@~rij
· ~vj

◆

<latexit sha1_base64="VgI1+vhC4s8YAqvaSOelRjNEB5I="></latexit>

) ~J =
X

ji

~rij

✓
@Ui

@~rj
· ~vj

◆

<latexit sha1_base64="toMsRRh4t3ntLqHUq/mC4fQc6Ak="></latexit>

Gradient of all Ui

☞ 60s/step for 2500 atoms

Hardy formula

Virial formula

Gradient of only U 
☞ 0.08s/step for 2500 atoms

Are they equivalent…?
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Challenge 2: Infrastructure
… a small problem
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This does not fit 
into memory!
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Infrastructure
stepson | towards vibes 2.0

19

✓ Instant MD restarts


➡ Run MD with large systems


✓ Stream-based and batched parsing of trajectories


✓ Stream-based and batched GK post-processing


➡ Work with trajectories of any length and number of atoms


✓ dask backend for post-processing


➡ Potential for parallel/multinode/exascale processing


✓ ✨ Nice console output ✨


➡ Fun to work with 😉
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Infrastructure
stepson | vibes 2.0

20
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Results!
ZrO2 @ 300K with SchNet (11 runs each) (virials heat flux)

21
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Results!
ZrO2 @ 300K with SchNet (3 runs each, 384 atoms)
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Hardy formula

Virial formula
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Results!
ZrO2 @ 300K with SchNet (3 runs each, 384 atoms) with components of κ

23

Hardy formula

Virial formula
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Next

• Heat flux formulation: further testing for equivalence


• Converged runs at higher temperatures


• Lattice expansion with i-pi

24



Coffee Talk May 2021 contact/info: marcel.science 25

Questions? Updates? 
langer@fhi.mpg.de  
@marceldotsci 
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TEC1p: Big-Data Analytics 
for the Thermal and Electrical 
Conductivity of Materials 
from First Principles


